We study a single server queue with Poisson arrivals, two optional services following a general service time distributions. The first service is essential. Other two services are optional. Only some of the arriving customers demand the first optional service or the second optional service. We derive the system size distribution at random points and at departure points and other performance indices such as average number of customers and the average waiting time in the queue and the system by employing generating function and supplementary variable techniques. By taking numerical illustration, the sensitivity analysis is also conducted to determine the effects of the system parameters on various performance measures of system state are derived.
investigated a Mx/G/1 retrial queue with unreliable server and general retrial times. The server is subject to breakdowns and takes some setup time before starting the repair. The server renders first essential phase of service (FES) to all the arriving customers whereas second optional phase services (SOS) are provided after FES to only those customers who opt for it. The impatient customers are allowed to balk depending upon server's status; they may also renege after waiting sometime in the queue. Ke et al. (2013) in their article introduced a model of infinite-capacity multi-server queueing system with a SOS channel. The inter-arrival times of arriving customers, the service times of the FES and the SOS channel are all exponentially distributed. Maraghi et al. (2010) studied a single server queue with a SOS, Bernoulli schedule server vacations, and random system breakdowns was analysed. It is assumed that customers arrive to the system in batches of variable size, but served one by one.
Al-Jaraha and analysed an M/G/1 queueing system with SOS, server breakdowns, and general start-up times under (N, p)-policy. Customers arrive into the system according to a Poisson process. Service times, repair times, and start-up times are assumed to be generally distributed. The first service is essential for all arrived customers, and the second service is optional, which is demanded by some customers after their essential service is completed. Madan and Anabosi (2003) have studied a single server queue with two types of service under Bernoulli schedule and a general vacation time. Recently, there have been several contributions considering queueing system of M/G/1 type in which the server may provide a second phase service. Such queueing situations occur in day-to-day life, for example in a manufacturing process all the arriving customers require the main service and only some of them may require the subsidiary service provided by the server. Thangaraj and Vanitha (2010) , Srinivasan and Sundari (2012) have studied a single server M/G/1 feedback queue with two stages of service having general distribution and three stages of service respectively. Madan and Abu-Dayyeh (2004) analysed a system where customer's service may be viewed as scheduled in two phases; that is, all the customers are processed in the first phase and only the customers who qualify are routed in the second phase. Madan (2000) studied an M/G/1 queue with SOS in which FES time follows a general distribution but SOS is assumed to be exponentially.
Current models are often restricted to a very simple set of operations, e.g., small scale industries, production industries, factories, bank sectors which needs only a less amount of service. It turns out that these simplifications do not reflect reality in an appropriate way. In case of large scale industries, Big Production industries and communication networks where the services are more in need, the stages of services and phases of services and optional services are increased.
To satisfy this main objective, the non-Markovian model with different standard strategies is introduced in this model. In this model, we consider a single server with essential and two optional services. Essential service is compulsory. Some customers may opt for optional services for the benefit of the customer even the optional service are given in two numbers which leads to the complete satisfaction of the customers. Here the service follows general distribution and arrival follows Poisson distribution. Our model identified has its major applications in the area large scale manufacturing industries repair sequence.
The organisation of the rest of this article is as follows. In Subsection 1.1, real life applications are given. In Subsection 1.2, practical justification of this model is given. In Section 2, description of the model is given. In Section 3, we analyse the model by giving definitions and equations governing the system. In Section 4, we obtain the time dependent solution. In Section 5, the steady state solution is obtained. In Section 6, we obtain the mean number in the system. In Section 7, the mean waiting time of the queue and the system are obtained. In Section 8, special cases are derived. In Section 9, numerical results are obtained. In Section 10, conclusion is given.
Real life applications

General applications of queueing theory
Progress in this area has been rapid and so many industrial applications have been widely accepted since the '70s. The methods of queueing networks have always been a basic component of the study of communication systems. The widespread introduction of computers into these systems has introduced the use of new results on queueing networks in studies of the performance of large communication networks. Some of the other prominent applications of the queueing theory are landing aircrafts, loading and unloading of ships, machine repair, manufacturing process, taxi services and toll booths.
Practical justification of this model
In cement or textile manufacturing industries, machine repair attending sequence is considered as one essential service and two optional service sequence. First, the fault attending is considered as a general machine repair. This is the FES. Next, based on the repair, optional services are to be selected. In first optional service, the machine fault is considered as a mechanical department repair (mechanical and pneumatic failure), it is rectified and the machine is again resumed to operate. In the SOS electrical department repair (electrical and measuring instrumentation fault) is cleared, and the machine is resumed to operate. After the FES, based on the further service needed, one of the optional services is chosen. Here two optional service queueing is followed. This is a real life example in large scale manufacturing industries with one essential service and two optional services queueing model. Our queueing model on one essential service and two optional services is exactly suitable for large scale industries machine repair sequence. • There is a single server who provides the FES and the SOS to all arriving customers.
Let B i (v) and b i (v) respectively be the distribution function and the density function of the services.
• As soon as the first service of a customer is complete, then with probability θ he may opt for the second service or third service, in which case his second service or third service will immediately commence or else with probability 1 -θ he may opt to leave the system.
• The service times follows a general distribution function B i (v) and the density function b i (v) . μ i (x)dx is the conditional probability of completion of the i th stage of service given that elapsed time is x, so that
3 Definitions and equations governing the system ( ) ( , ), 1,2,3 i n P x t i = Is the probability that at time t, there are n(≥ 0) customers in the queue excluding the one in i th service and the elapsed service time of this customer is x.
Denotes the probability that at time t, there are n customers in the queue excluding one customer in i th service irrespective of the value of x.
Q(t)
Is the probability that at time there is no customer in the system and the server is idle.
In rest of the paper, we consider i = 1 is the essential service i = 2 or 3 are the optional services that are to be selected based on the interest of the customers.
The system has the following set of differential-difference equations: By the usage of birth and death process, the equations are framed. Let X(t) represent the population at time t (or the number of the customers at time t) in which two types of events occur namely births, which contributes, to increase and deaths, which contributes to its decrease. Here birth represents the arrival of customers and death represents the departure of the customers after service.
Let X(t) be a birth and death process and let X(t) = n be the event with P n (t) = P[X(t) = n] be the corresponding probability. Then, P n (t + Δt) = P[X(t + Δt) = n] is the probability that the size of the population is n at time (t + Δt).
Relating to service, we have ( )
n n n n n n n
Relating to arrival, we have (1) (1) (1) 1
n n n n n n n n n n
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Adding equation (3) and equation (4), we get, ( )
Similarly, ( )
,
The above system equations are to be solved subject to the following boundary conditions are:
The above boundary conditions, the integral in the first term in the right hand sides of equations (10) and (11) indicates completion of the first service and multiplication by (1 -θ) means that the customer does not opt for the i th service. This leads to the left side of equation (10) or equation (11) indicating zero value for x which implies the beginning of the first service for the next customer. The integral in the second term in the right hand sides of these equations means completion of the i th service which again leads to the left side with zero value of x which implies the beginning of the first service of the next customer. An extra term λ Q(t), the third term in the right hand side of equation (11) means when an idle server receives a new arrival, then the first service of this customer immediately starts. This again leads to the left side of equation (11). Similarly, boundary conditions are obtained in (12) and (13) 
Further, we assume the following initial conditions:
The time-dependent solution
We define the probability generating functions 
Taking Laplace transform of equations from (5) to (13) and using (14), ( )
(
Multiply equations (17) and (18) and equations (19) and (20) by suitable power of z, using (15), ( )
( , , ) ( ) ( , , ) 0
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From (22) and (23), we have
Then, from equations (24) and (25) ( ) 
Integrating equations (26) and (27) 
Using equation (34), equations (29) and (30) 
Now, using equations (37) and (38) into equation (32) we obtain
If we let z = 1 in equation (41), then 1 ( ) ( , ) .
q Q s P z s s + =
Further, it can shown that the denominator of the right hand side of (41) has one zero inside the unit circle |z| = 1 which is sufficient to determine the only unknown ( ) Q s appearing in the numerator. Thus, the transient solution is obtained. 
Thus, multiplying both sides of equation (41) by s, taking limit as s → 0, applying property (42) and simplifying, we have
For z = 1, P q (z) is indeterminate. We apply L' Hospital's rule and, on simplifying
Now we have,
The mean number in the system
Let L q denote the mean number of customers in the queue.
where N(z) and D(z) respectively denote the numerator and the denominator of the right hand side of equation (46).
(1) 1
Substituting the above values in (46) and simplifying, we obtain
If L denotes the mean number of customers in the system including, using Little's formula we have,
The mean waiting time
The mean waiting time in the queue and in the system are obtained as follows:
8 Special cases
Case I: The optional services are exponential
In this case we let ( ) (45), (46), (47), (48), (49), (50) and we have on simplifying the results; 
Case II: Essential service and optional services are exponential
In this case we let 
9 Numerical results
Now we consider in case II in which essential service and optional services are exponential
Let us consider μ 1 = 4, μ i = 6, i = 2 or 3 r = 0.5. In Figure 2 , X-axis represents the arrival rate λ and Y-axis represents the values consisting values mean queue sizes L q , mean waiting time in the queue W q , the system size L. As the arrival rate λ increases, mean queue sizes L q , mean waiting time in the queue W q the system size L get increased. In case II, essential and optional services are exponential. In Figure 3 , X-axis represents the utilisation factor ρ and Y-axis represents the idle time Q. As utilisation factor ρ increases, the idle time Q gets decreased. 
Now we consider in case III in which no customer requires optional service
Let us consider μ 1 = 4, μ i = 6, i = 2 or 3 r = 0.5. In Figure 4 , X-axis represents the arrival rate λ and Y-axis represents the values consisting values mean queue sizes L q , mean waiting time in the queue W q , the system size L. As the arrival rate λ increases, mean queue sizes L q , mean waiting time in the queue W q , the system size L get increased. In case III essential and optional services are exponential. In Figure 5 , X-axis represents the utilisation factor ρ and Y-axis represents the idle time Q. As utilisation factor ρ increases, the idle time Q gets decreased. From Tables 1 and 2 and Figures 2 , it is clear that as the arrival rate λ increases, the idle time Q get decreased. In addition to that the mean queue sizes L q , the system size L, mean waiting time in the queue W q , and mean waiting time in the system W, increases in our queueing model.
Conclusions
In this paper, we have studied an M/G/1 queue with one essential and two types of optional services. This paper clearly analyses the time dependent solution and steady state results and some performance measures of the queueing system. In this model, for case II, (essential service and optional services are exponential), arrival rate λ versus the idle time Q are graphically represented. Furthermore, the mean queue sizes L q , the system size L, mean waiting time in the W q , and queue and mean waiting time in the system W, versus arrival rate λ are graphically represented. For case III, (no customer requires optional service), arrival rate λ versus the idle time Q are graphically represented. Furthermore, the mean queue sizes L q , the system size L, mean waiting time in the queue W q , and mean waiting time in the system versus arrival rate are graphically represented.
In the above both cases of numerical study as arrival rate λ increases, the idle time Q get decreased, in addition, the mean queue sizes L q , the system size L, mean waiting time in the queue W q and mean waiting time in the system W, increases in our queueing model. Our queueing model on one essential service and two optional services is exactly suitable for large scale industries machine repair sequence. For the future scope, compulsory vacation with balking can be included in this present model and obtain the parameters arrival rate, idle time, and the mean queue sizes, the system size, mean waiting time in the queue, mean waiting time in the system.
